REMARK ON A CONJECTURE OF CONFORMAL 
TRANSFORMATIONS OF RIEMANNIAN MANIFOLDS 

A. RAOUF CHOUIKHA 

Abstract. Ejiri [E] gave a negative answer to a conjecture of Lichnerowicz 
concerning Riemannian manifolds with constant scalar curvature admitting an 
infinitesimal non isometric conformal transformation. With this aim he con- 
structed a warped product of a circle of lenght T and a compact manifold. But 
he omitted in his analysis the condition that T must to be big enough. Here we 
give an explicit sharp bound Tq < T that will make the proof complete. Our 
presentation is self-contained and mainly uses bifurcation techniques. More- 
over, we show that there are other such examples and contribute some results 
to the classification of these manifolds. 



1. Introduction 

Let (M, g) be a C°° Riemannian manifold of dimension n > 3. Denote by C(M, g) 
the group of C°° conformal diffeomorphisms of M and by I(M, g) the group of 
isometries of M. It is well known that C(M, g) is a Lie group with respect to the 
compact open topology. 

Let Co(M,g) (resp Io(M,g)) denote the connected component of the identity of 
C(M,g) (resp I(M,g)). A subgroup G of C(M,g) is said to be essential if there 
does not exist a smooth function p for which G C I(M, e 2p g). 
A. Lichnerowicz asked the following question : are there manifolds (M, g) which 
are not conformal to Euclidean space or to the standard sphere (S n ,go) for which 
Co(M,g) is essential? 

In the compact case J. Lelong-Ferrand [LF] and M. Obata [O] proved the following 

Proposition 1: Let (M,g) be a C°° compact Riemannian manifold of dimen- 
sion n > 3. If the subgroup Co(M,g) is essential and the scalar curvature of {M,g) 
is constant then (M,g) is isometric to the standard sphere (S n ,go). 

However, one espects that condition "Co(M,g) is essential" may be replaced by 
a more generalized condition "Co(M,g) ^ Io(M,g)". This means: if (M,g) admits 
a infinitesimal non isometric conformal transformation then (M, g) is isometric to 
the standard sphere. 

Various improvements were brought, notably when (M,g) is a locally conformally 
fiat manifold rather than of constant scalar curvature, or when the Ricci tensor of 
(M,g) is parallel. Nevertheless, it was necessary to await the counter example of 
Ejiri [E] to exhaust this research direction. 
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2. A COUNTER EXAMPLE 

Let us consider X = /(^) an infinitesimal conformal transformation of (S 1 x / 
N, g) verifying Lxg — 2f'g where ^ is a vector field on S 1 , Lx is the Lie differen- 
tiation in the direction of X. 

Let (Ni,hi) and (N2,h 2 ) be Riemannian manifolds, / : Ni — > R a positive func- 
tion. Define the /-warped product N\ x / N2 of Ni and N2 to be the Riemannian 
manifold N\ x N2 , hi + fh 2 with 

(hi + fh 2 ) {x , y) (u + X,v + Y) = h^u, v) + f(x)h 2 (X, Y) 

for u, v e T X N\ \ X, Y e T y N 2 . 

Let S 1 be the circle parametrized by arc-lenght t of lenght 

T= [ dt. 
Js 1 

This circle is endowed with the Euclidean metric dt 2 and let / be a C°° function 
on S 1 . 

Consider (N, h) be a (n-l)-dimensional compact Riemannian manifold with positive 
constant scalar curvature R . Let R be the scalar curvature of the warped product 
(S 1 x f N, g) where g = dt 2 + f(t)h. Then the scalar curvatures and / satisfy the 
equation 

(E) Rf + 2(n - 1)//" + (n - l)(n - 2)/' 2 - R = 
At first remark that Equation (E) always admits 

/ = constant 

MS (X trivial periodic solution. 

Notice that T — J gl dt must precisely be the period of the (non constant) so- 
lution /. The corresponding manifolds are bundles with fibres ./V over the circle 
S 1 (parametrized by arc length t ) equipped with the warped metrics. 
Ejiri remarked that if R is a positive constant and / is a positive periodic solu- 
tion of (E), then (5* 1 x / N, g) is a compact Riemannian manifold of dimension n 
admitting an infinitesimal non isometric conformal transformation. 

Notice that the solution / must be non constant otherwise Lxg = 2f'g = and 
the manifold (S* 1 x f N, g) does not admit an infinitesimal non isometric conformal 
transformation. 

Thus, Ejiri constructs a warped product of a circle and a compact Riemannian 
manifold with constant scalar curvature, [E]. More exactly, he asserts the following 

Proposition 2 Let (N, h) be a compact Riemannian manifold of dimension 
n — 1 with positive scalar curvature. Then there exists a positive periodic func- 
tion f on a circle (S 1 ,dt 2 ) such that the warped product (S 1 x N, dt 2 + f{t)h) has 
a constant scalar curvature and admits an infinitesimal non isometric conformal 
transformation. 

But another condition is necessary to ensure that the solution / is periodic non 
constant. 



REMARK ON A CONJECTURE OF CONFORMAL TRANSFORMATIONS OF RIEMANNIAN MANIFOLDS3 



Analysis of Equation (E) 

Now consider the change 

/ = a(l+j) 2/ " 

where a = (-S)^ . Then 



2 ^,2a^ 2_ 2 .,2 2 2_ 1 .„ 



and 

f = { 1- 1)^(1 +i)f- 2 / 2 + ±a(l 
n n n 
We calculate 

2//" + (n - 2)/ 2 = 2a(l + j) 2 /"[(^ - 1)^(1 + j)^ 2 j' 2 + £ a (l +i)^V']+ 



2(n-2)a 2 j' 2 , ( 2 



After simplication one finds 

2//" + (n - 2)/' 2 = ia^^f (1 +j)^-V' 
Replace in Equation (E) which becomes 

(1) j" — (l + 7 ) 1 - 4 /" = — (1 + j) 

But, as we will prove below, a non constant periodic function does not exist for 
any circle lcnght T. For example, if T takes a small value then Equation (1) admits 
only constants as periodic solutions. More precisely, when j is closed to this 
equation can be written 

(1') j" 4^?iy (1 + (1 - + MM? 2 + ••••) + 4(^i) (! +J) = 

n/4 

where the constant a = ( |~ 
Then j is closed to the solution of the linearized equation 

(1') i" + -^ri = 
n — 1 

This means Equation (1) bifurcates at j = when = (Ip 1 ) 2 , [C-R] 

Thus, there is a positive bound T such that if T <T the above equation may 
have only constant solutions, i.e. f(t) = a = ( j~ 

This means that there is a bound To such that condition T > To appears to be 

necessary for a non constant T-periodic solution of (E) exists. 

Hence, examples given by Ejiri lack precision and his proof is incomplete. 
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3. Condition on the scalar curvature of (S 1 x / N, g) 

In this section we shall add another necessary condition so that Proposition 2 
becomes correct. In particular, the existence of non constant periodic solutions / 
depend on the scalar curvature R and the lcngh T of the circle. The following 
result gives a precise bound To such that if T <T the function / cannot be (non 
constant) periodic solution of (E) 

Theorem 3 Let (N, h) be a compact Riemannian manifold with positive scalar 
curvature R of dimension (n — 1), n > 3. Let S 1 be the circle of lenght T and R be 
a positive constant verifying the condition 

m - 1 

v R 

Then the differential equation 

Rf + 2(n - 1)//" + (n - l)(n - 2)/' 2 -R = 
admits a positive non constant periodic solution f. 

Moreover, the warped product (S 1 Xf N,dt 2 + f(t)h) is a compact Riemannian 
manifold with scalar curvature R of dimension n admitting an infinitesimal non 
isometric conformal transformation. 



4. Proof 

Now we again make the change of function 

f = ^ jn 

then 

f = l x l-i x > and f = (2 _ 1} 2^-2^/2 + £ a .^-i a .» 
n n n n 

We calculate 

2//" + („ - 2) f' 2 = {-- l)-xi- 2 + (n - 2)4^"- 2 + -a:^- 1 ^" = l^^" 1 ^' 
n n n z n n 

Replace in the following equation 

(2) Rf 2 + 2(n - 1)//" + (n - l)(n - 2)/' 2 - i? = 

which becomes 



-x 



W X 4(n-l) 4(n-l)" 

The last equation has been analysed in studying the parallelism of the Ricci 
tensor of the manifold S 1 XfN,g where N is a Einstein manifold, see [Ch] and [D]. 



Let c be the energy level for that equation. All periodic orbits 7 c (i) of the 
following system which is equivalent to Equation (3) 
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are surrounded by the homoclinic orbit "f C[) ■ The latter one may be parametrized 
by (xo(t),yo{t)). xo(t) is the (degenerate) non periodic solution of (3). 
Denote the coordinates of J c (t) by (x c (t),y c (t). When the value c satisfies the 
condition 1 < c < c , the correspondant orbit is periodic (co corresponds to a 
periodic solution of null energy) . 

The center of System (4) is (x = a,y = 0), where a — (j^) 4// ™- 
One may easily remark that two positive T-pcriodic solutions of (4) having the 
same energy translate of one another, and thus give rise to equivalent metrics on 
(^COx jV),<?o). 

4 

Note that the metric corresponding to the conformal factor uq : .9 = £o"~ 2 <?o 
is non complete. Therefore the constant c cannot attain the critical value Co . 



Equation (3) may be written under the following form 



(5) x" + <j>(x) = 

where 

«*>-i^<*-°>-ii£ij<*-°> 1 ^- 

The period of the periodic solutions depends on the energy T = T(c) with c the 
energy constant. It can be expressed as 

rb 



T(c) = V2 [ 

J a 



du 



y/c-G(u) 



where G(u) is an integral of <j>(u), with a nondegenerate relative minimum at the 
origin. It satisfies in addition, G(a) = G(b) = c and a < a < b. 

nR 
4(n-l) 



So, 0(a) = and <f/(a) = > 0. 



Hence, x = a is a center for Equation (3)i.e. in the neighbourhood of the trivial 
solution h(t) = a Equation (2) admits a periodic solution. 

The following lemma is a classical result of global bifurcation theory (for details see 
for example [C-R]). 

Lemma 4 Under the above hypothesis the family of solutions (T,ux{t)) of 
the ODE (3) (where T is the minimal period) has bifurcation points on the values 
(Tk,UTk(t)) where Tk = J^_ 2 an< ^ u T k = ot is a constant. In this family, there 
is a curve of non trivial solutions which bifurcates to the right of the trivial one. 



So, let us consider a positive T-periodic solution: if T ^ Tk , then the linearized 
associate equation is non-singular. 

We may also deduce from the bifurcation theorem, applied to the simple eigenvalues 
problem, that there is a unique curve of non trivial solutions near the point (Tk, a). 
By Lemma 4, this uniqueness is global. The trivial curve is ut = a. . 
du 

Moreover, (—)r=T k is an eigenvalue of the corresponding linearized equation. 
According to global bifurcation theory, we assert that the non trivial curves turn 
on the right of the singular solution (Tk,UT k (t)) ■ Consequently, when T varies, 
two non trivial curves never cross. 
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Thus, in particular for T < Tq Equation (3) docs not admit a non trivial periodic 
solution. 

4.1. General remarks. One can refine the study of Equation (E), for example by 
looking for the exact number of periodic solutions for that equation. This is more 
interesting of the ODE point of view, but not so much regarding the geometric 
problem presented at first. What is important here is to notice that when the 
following condition on T holds. 

then the warped product (S 1 x / N,dt 2 + f(t)h) docs not admit any infinitesimal 
non isometric conformal transformation (because Equation (E) has only constants 
as periodic solutions). 

We have already examined the existence and the number of these metrics [Ch]. 

5. Other examples 
An interesting question is the following : 

Are there other manifolds non isometric to the standard sphere admitting an in- 
finitesimal non isometric conformal transformation ? 

We are able to produce a partial answer using a result of Dcrdzinski [D] concern- 
ing the classification of all n-compact Ricmannian manifolds (M,g), n > 3 with 
harmonic curvature. 

Notice that such a manifold displays other interesting geometrical properties. In 
the case where (N,go) is an Einstein manifold. Dcrdzinski [D] established a clas- 
sification of the compact n-dimensional Ricmannian manifolds (M n ,g), n > 3, 
with harmonic curvature. If the Ricci tensor Ric(g) is not parallel and has less 
than three distinct eigenvalues at each point, then (M, g) is isometrically covered 
by a manifold 

{S X (T) x N,dt 2 + h 4 / n (t)g ), 

where the non constant positive periodic solutions h satisfies Equation (E). Here 
(N,g ) is a (n-1)- dimensional Einstein manifold with positive (constant) scalar 
curvature. 

We thus obtain the following 

Theorem 4 Let (M, g) a compact Riemannian manifold of dimension n, 
n > 3 with harmonic curvature and covered isometrically by a manifold 

(S^T) x N,dt 2 + h 4 / n (t)g ), 

where the non constant positive periodic solutions h satisfies Equation (E). Sup- 
pose that its Ricci tensor is not parallel and has less than three distinct eigenvalues 
at each point; then, (M, g) admits an infinitesimal non isometric conformal trans- 
formation. 
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